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Abstract

In this paper, we construct a graph model for mahjong to prove that
the distance formula is correct. Also, we estimate the number of winning
hands based on generating functions, and count the exact number using
the brute-force method by computer. Moreover, by using the brute-force
method, we check every possible type of ready hands.

1 Introduction

Back to the 1910s, the twilight of the Qing dynasty, there was a game played
by people of China, which is known as had born in the mid-19th century. This
game went overseas, reached the USA, and was widespread during 1920-1930s.
It was spread enough to start a league for this game in 1937. The name of this
game is mahjong.

Mahjong is a board game that depends much on luck, and this randomness
restricts methods to analyze the game. In other words, mahjong is a game
without perfect information. Moreover, mahjong has a complicated structure
and innumerable variations based on more than 100 tiles, which makes it difficult
to develop and generalize theory.

Hence, in this paper, Section 2 focuses on developing theory based on the
graph theory to compute specific static data from mahjong, which can be applied
to mahjong generally, and Section 3 focuses on various computed data from
Japanese mahjong, which is called richi mahjong. For readers who are not
familiar with mahjong, Appendix 1 explains rules and terms for mahjong, so it
is recommended to read first.

2 Section 2

In this section, we consider graphs as undirected simple graphs. Also, for a
relation R C X x Y, we use the notation R(a) = {b € Y | (a,b) € R} like



functions. For a graph G, R is the binary relation on V(@) such that (u,v) €
R if and only if v and v are adjacent. Since we are considering undirected
graphs, Rg = Ral.

For a graph G, a path is a sequence of adjacent vertices without repetition
and its length is defined as the number of edges consisting it. Note that a vertex
itself is a path of length 0. A walk is a sequence of adjacent vertices in G, where
repetition is allowed. With mathematical induction, it is easy to prove that for
nonempty subsets S, T of vertices, if there is a walk connecting S and T, then
there is a path connecting S and T, which is not longer than the original walk.
Now, for a graph G and nonempty subsets S, T of vertices, define the distance
da(S,T) as the length of a shortest path connecting S and T'. From the above
fact, this definition is equivalent to the length of a shortest walk.

Naturally, we are considering undirected graphs, dg(S,T) = dg(T, S). For
any vertex v € V, we will define dg(v, —) as dg({v}, —). Lastly, if S and T are
disconnected, then we note dg(S,T) = oo as a convenction.

Proposition 1. For a graph G and a nonempty subset S of vertices, the fol-
lowing is satisfied.

(a) For any v € V, dg(S,v) =0 if and only if v € S.

(b) For any u,v € V such that u and v are adjacent, then dg (S, ), dg(S,v) <
oo and |dg(S,u) — dg(S,v)] <1, or dg(S,u) = dg(S,v) = oc.

(¢) For any v € V, if dg(S,v) < oo and dg(S,v) > 0, then there exists
u € Rg(v), in otherwords, adjacent to v, such that dg(S,u) < dg(S,v).

Proof. At first, (a) follows from the definition. Now, for (b), we may assume u, v

are connected to S. If P is a shortest path from S to u, then S e ——
is a walk from S to v with length dg(S,u) + 1, so dg(S,u) < da(S,v) + 1. By
symmetry, |dg(S,u) — dg(S,v)| < 1.

For (c), if vo,v1,- - ,v, = v is a shortest path from S to v, then v, _; is such
vertex. U

Moreover, these conditions also define the distance function in the following
sense.

Proposition 2. For any graph G and function d : V. — N U {0,000} with
S C V(G), the following holds.

(a) If for v € V(G), v € S implies d(v) = 0 and |d(u) — d(v)| < 1 for any
adjacent v and v, then d(v) < dg(S,v) for any v € V(G).

(b) Suppose for v € V(G), d(v) = 0 implies v € S and for any v € V such
that 0 < d(v) < oo, there exists u € Rg(v) satisfying d(u) < d(v). Then,
de(S,v) < d(v) for any v € V(G).

In particular, if function d satisfies conditions (a),(b),(c) of Proposition 1,
then d(v) = dg(S,v).



Proof. (a) We may assume dg(S,v) < oo. If dg(S,v) =0, then v € S, so d(v) =
0. Now, assume dg(S,v) = n > 0. Suppose vg, -+ , v, is a shortest path from
S to v. Then, d(v1) < d(vg) +1 =1 since vy € S. Now, d(vy) < d(vy) +1 <2,
and repeat this, we gain d(vy,) < n = dg(S,vy,) = da(S,v).

(b) We may assume d(v) < oo. If d(v) = 0, then v € S, so dg(S,v) =
0 = d(v). Now, if d(v) = n > 0, then let vg = v. Then, choose v; such that
v1 € Rg(vo) and d(v1) < d(vg), so d(v1) < n — 1. By repeating this, we gain a
path P, which is defined as v, vy, -, v, with d(vg) = 0. This is a path since
d(v;) are all distinct. Then, d(v;) < n — i by induction, so k < n, and hence,
the length of P is at most n. Moreover, d(v) = 0, so vg € S. Thus, P is a path
from S to v with length &, so dg(S,v) <k <n=d(v). O

Definition 3. For two graphs G, G’ and relation R C V(G) x V(G"), G//rG’
means {a} U Rg(a) = R7Y(R(a)) and {b} U Rg/(b) = R(R™1(b)) for any a €
V(G),be V(GE).

Proposition 4. For two graphs G, G’ and relation R such that satisfies G//rG’,
dg(S,R~YT)) = de/(R(S),T) for any S C V(G),T C V(G"). In particular,
dg (Ril(T)v v) =dg/(R(v),T) = minuER(v) de (T, u) for any v € V(G).

Proof. Suppose vy, -+ , v, is a shortest path between S and R~!(T"). Without
loss of generality, assume vy € R‘l(T) and v, € S. Then, there exists ug € T
such that vg € R71(ug). Now, v; € Rg(vo) € R (R(vg)), so there exists
u; € R(vg) such that v; € R™*(uy). Now, u; € R(vg) € R(R Y(up)) =
{uo}URG (up). By repeating this process, we define ug, - - - , u,, such that ug € T,
u; € uj—1 U Rgr(u;_1), u; € R(v;_1), and v; € R™(u;). Then, v, € R~ (u,),
S0 U, € R(v,) C R(S). Now, if we consider wug, - - - ,u,, then each u; is adjacent
to w;—1 or w;—1 = wy, so it gives a path from uy € T to u, € R(S) with the
length at most n. Thus, dg/(R(S),T) < dg(S, R~1(T)). By symmetry, we get
equality. O

With these tools, we will estimate and prove the formula for the number of
turns needed to be the ready hand from given hand, in abstracted mahjong.
Abstracted means that, at first, we assume every tile has no restriction on the
number. This absraction is reasonable since on the usual mahjong since every
tile has the possibility of being a triplet, and we consider technical ready hands,
which gives flexibility.

Second, we will assume without proof that the number of turns only re-
lated to the numbers of triplets, sequences, pairs, waiting for a sequence, and
remaining tiles. This can be justified even though we have many possibilities
in numbers of triplets, sequences, pairs, a step before sequence, and others, yet
we can choose the minimum among them. For example, if the hand contains
11123, it can be considered as 11/123 or 111/23. If we consider it as 11/123,
then it becomes one pair and one sequence, and if we consider it as 111/23, then
it becomes one waiting for a sequence and one triplet. For any case, we will
consider every possibility and get the minimum. Since then minimum among
minimized value is again the minimum, this abstraction will work.



Lastly, we will assume that the number of triplets and sequences also does
not have effect on getting the formula. Since for any mahjong, the goal is making
sequences and triplets, so if we complete it, then there is no need to consider
them again.

Then, each state of abstracted mahjong can be denoted as a triple (a, b, ¢) of
nonnegative integers, where a is the number of pairs, b is the number of waiting
for a sequence, and c is the number of remaining tiles. Then, the number of
tiles in the hand of a non-playing player is 3k 4+ 1 for some integer k, and the
number of tiles in the hand of the playing player is 3k + 2. In otherwords, if
non-playing, 2a + 2b + ¢ = 3k + 1 and if playing 2a + 2b + ¢ = 3k + 2.

Now, let V = {(a,b,¢) | a,b,c > 0,2a + 2b+ ¢ = 3k + 1}, V' = {(a,b,¢) |
a,b,c > 0,2a+2b+c = 3k+2}. In other words, V is the set of non-playing hands
and V' is that of playing hands, and the winning hand in V' is (1,0, 0). For each
turn, if turn started, there are five possibilities: one useless tile, one tile makes
a waiting for a sequence with a remaining tile, one tile identical to a remaining
tile, waited tile for waiting for a sequence, and an identical tile to a pair. Each
can be denoted as adding (0,0,1),(0,1,-1),(1,0,—1),(0,-1,0),(—1,0,0) from
V to V'. Denote this relation as R C V x V'. Then, we can construct graphs
G = (V,E),G = (V', E') uniquely, which satisfies G//rG’. Moreover, ready
hands are nothing but R71(1,0,0) = {(2,0,0), (1,1,0), (0,0,1)} and the formula
what we want to compute is nothing but dg (v, R71(1,0,0)).

By Proposition 4, it is enough to compute d¢/ (v, (1,0,0)). Now, in G’, pos-
sible movements are just combinations of changes by R and R™', so movements
can be shown in the following table.

) (071371) (]woa*]-) (077170) ( 1a0,0)
(0,0,-1) | (0,0,0) (0,1,-2) (1,0,—2) (0,—1,—1) (-1,0,—

0,0,—1 1,0,—1)
(0,-1,1) | (0,-1,2) (0,0,0) (1,-1,0) (0,—2,1) (-1,—-1,1)
(-1,0,1) | (-1,0,2) (-1,1,0) (0,0,0) (-1,—-1,1) (-2,0,1)
(0,170) (07171) (0723_1) (Lla_l) (07070) ( 1 )
(1,0,0) | (1L0.1) (LL-1) (20.-1) (1,=1,0)  (0,0,0)

Moreover, if we consider above changes as movements in V', if resulting
point is regular then the middle state in V is again regular, so the table above
is enough to compute about G’. Here, regular means that every component is
a nonnegative integer. For specific example, if (a,b — 1,c + 2) € V' for some
(a,b,c) € V', then b > 1,a,¢ > 0. Now, this movement has the middle state
(a,b,c+ 1), which is automatically in V. This can be checked for every entry
in the table above.

Now, we will estimate the distance dg' in G’ by the greedy algorithm. First,
if a =0,c > b—1, then repeat (0, —1,—1) b times to reach (0,0,¢ — b). Now,
¢—b=2 (mod 3). Hence, c — b > 2, so we can apply (1,0,-2) to reach (1,0, c —
b —2). Now, repeat (0,1,—2) and (0,—1,-1) "‘3_2 times, we get (1,0,0).
Thus, the estimated distance is b+ 1 + 2(073b72) = b+23c_1. For the case when
a>1,¢>a+b—1, wecanapply (0, —1,—1) b times and (—1,0, —1) (a—1) times,
and we reach (1,0,c—a—b+1). After this, by repeating (0,1, —2), (0, -1, —1),




. From these two

we get estimated distance a — 1+ b+
cases, we estimate the distance as % when ¢ >a+b— 1.

Now, for the case when a > 1, ¢ < a+b—1, we can apply (—1,0,—-1), (0, -1, —1)
appropriately, ¢ times in total, we reach (a,$,0) with @ > 1. Again, by
applying (-1,-1,0),(-2,0,1),(0,—2,1),(0,—1,—1),(—1,0,—1) appropriately,
% times in total, to reach (1,0,0). Hence, the estimated distance is
w +c= 2(a+b3_6_1) + ¢ = 2a420dc=2  For the case a = 0,¢ < b— 1, we
2a2btetl - Thus,

2(c—a—b+1) _ a+b+2c—1
3 - 3

start from (1,—1,0), and this gives the estimated distance
the estimated distance is

( | % c—a—0b2>0
d(a,b,c) =
Mg})ﬂ.&.max{o’l—a} c—a—b<D0.

Theorem 5. Above d(a,b,c) is de((a,b, ¢), (1,0,0)).

Proof. First, d(a,b,c) is an integer since 2a+2b+ ¢ = 2 (mod 3). Now, suppose
d(abc)<0 Ife—a—-0b2>0, 1tg1vesm<0 800>M:
a+ b— %. Since a,b are nonnegative integers, 0 < a +b < = glves a=b=0.
Then, ¢ = 2 (mod 3), so &Hbt2e=d > 421 — 7 > Whlch is a contradiction.
Thus, c —a —b < 0. Then 2“'*'Qbiz—i—max{o l—a}=0and 2a+2b+c>2
gives M = max{0,1 — a} = 0. Hence, a > 1,2a + 2b + ¢ = 2. Thus,
a=1,b=c =0, so d(a,b,c) > 0 always and d(a,b,c) = 0 if and only if
(a,b,¢) =(1,0,0).

Now, for u,v € V' that are adjacent, compute |d(u) — d(v)|. By symme-
try, it is enough to check for cases where u — v is one of (0,1, —2), (1,0, —2),
(0,—1,-1), (=1,0,-1), (1,—1,0), (0,-2,1), (~1,—1,1), (=2,0,1). First, con-
sider (0,-1,-1), (-=1,0,—1), (1,—1,0), where ¢ — a — b is an invariant. The
result is in the following table. The table is based on v, and X means we cannot
apply given movement in that case.

c—a—5b>0 c—a—b<0
a=0]a=1]a>2
(0,—1,-1) -1 -1
(-1,0,—1) -1 X 0 | -1
(1,-1,0) 0 -1 0

For other cases, we get the following tables.

c—a—-b>3|c—-a—-b=2|¢c—a—-b=-1|c—a—-b< -3
aZl\azO a>1| a=0 [(a>1| a=
( —2) -1 -1 0 -1 0 -1
0,1,-2) -1 -1 ] 0 0
( )

0 0 -1 -1




c—a—b | >3]|=2|=-1 < -3

a>1 a23\a:2 a=1
(-1,-1,1) 0 0 -1 0
(-2,0,1) 0 0 -1 1] 0 X

In any case, |d(u) — d(v)| < 1.
Lastly, the following case study shows that d(a,b,c) can be reduced in any
case except (1,0,0).

e byc>1: Apply (0,-1,-1)
e b=0:

e ¢c—a>0: Apply (1,0,-2)
e c—a<(:
e a>2:
e ¢ =0: Since a > 4, so apply (—2,0,1)
e ¢>0: Apply (—1,0,-1)
e a<1: Since c<a<1,wegeta=1c=0. Hence, (1,0,0)

e a=0: Apply (1,-1,0)
e a=1: Since a+ b >4, b > 3. Hence, apply (0,—2,1).
e a>2: Apply (—1,-1,1)

Thus, by Proposition 2, d(a,b,c) = dg((a,b,¢),(1,0,0)). O

Thus, the estimated distance formula gives a way to compute the number
we want to find in abstracted mahjong.

3 Section 3

Japanese mahjong is one of 13/14 mahjong, which uses all three kinds of suited
tiles and honor tiles. In other words, it uses 34 kinds of tiles. For winning hands,
there are two exceptional winning hands rather than the usual winning hands,
such that 7 pairs and 1, 9 from each suited tiles with every 7 honor tiles and
added one more from them. In other words, all of 1 circle, 9 circle, 1 bamboo,
9 bamboo, 1 character, 9 character, east wind, west wind, north wind, south
wind, green dragon, red dragon, and white dragon are included in the hand and
there exists a pair.

First, we count possible hand types. Since there are 34 kinds of tiles and each
tile has 4 copies, by considering the generating function, it is enough to compute
the coefficients of (14 x + 22 + 2% + )34, The coefficient of 2 is 98521596000
and the coefficient of z'# is 326520504500. Hence, the number of types of non-
playing hands is 98521596000 and of playing hands is 326520504500.



Now, we will count possible winning hand types and the probability of win-
ning at the first turn. If we consider simple estimation, first, we consider the
usual winning types. There are 34 kinds of triple, where each triple can be
included in the winning hand at most once since each tile has four copies.
Also, there are 21 kinds of sequences and each sequence can be included in
a winning hand at most four times. Lastly, each winning type has exactly
one pair, and there are 34 kinds of pairs. This gives the generating function
(1423)34 (1423 + 25 +29)2 (3422), where this generating function gives an over-
estimation since it does not consider the 4-copy-condition perfectly. Hence, we
have at most 12663300 types. For seven pairs, there are (374 ) = 5379616 types.
Lastly, there are 13 types from another exceptional type.

To compute perfectly, we follow the way of computation based on [1], with
the verification of given data in [1]. First, in the winning hand, each type of
tile has the number divided by 3 or with the remainder 2. Therefore, we first
consider types of winning hands from each type of tile and then, consider the
number of combinations of types. The following table gives the number of tiles
in a fixed suited type and the number of winning types, which is computed by
checking every case by program.

219

3116

5| 135

6| 127

8 | 996

91627
11 | 4475
12| 2098
14 | 13259

For the honor tiles, the table becomes simpler.

2|7
3|7

o | 42
6|21
8 | 105
9135
11 | 140
12 | 35
14 | 105

To compute the total number of tiles, we will consider integer solutions of
1 + 22 + x3 + x4 = 14, where each z; is divided by 3, and exactly one of them
has the remainder 2. The following table gives the multisets {x1, zo, 23, 24} and
the number of total winning type from a given multiset.



{14,0,0,0}
{12,2,0,0}
{11,3,0,0}
{9,5,0,0}
{9,3,2,0}
{8,6,0,0}
{8,3,3,0}
{6,6,2,0}
{6,5,3,0}
{6,3,3,2}

13259 * 3 + 105 = 39882

2098 %« 9% 6 + 2098 % 7 3 + 35 % 9 % 3 = 158295
530295

601047

1230318

861705

1514880

918210

3150234

1596000

897792

{5,3,3,3}

This implies that the total number of winning types is 11498658, which is
similar to 12663300. But this also counts 7 pair types, such as 11223355778899,
which is also considered as 55/123/123/789/789. For such overlapped cases, by
similar computation, we get 4668 types.

Then, to compute the winning probability, we have to consider the weights
of each type, which is from that we choose tiles from 4 copies. To count the
total number of possible hands with weight, we might consider (1 + 42 + 622 +
42 + 213 = (1 + 2)%)3* = (1 + 2)'3%, which gives the total number (7) =
4250305029168216000. To compute the total number of types, we will consider

the same tables as above. First, for suited tiles, we get

54

484

19200
65272
1748756

9 | 2742868
11 | 47037380
12 | 40399783
14 | 440593684

co O Ut W N

and for honored tiles, we get

42

28
1008
336
10080
9 12240
11 | 53760
12 | 8960
14 | 161280.

O Ut W N

From these tables, the total number of possible types can be computed based



on following table
{14,0,0,0} | 1321942332
{12,2,0,0} | 18181353870
{11,3,0,0} | 140625750960
{9,5,0,0} | 324401850432
{9,3,2,0} | 789902278848
{8,6,0,0} | 688605381120
{8,3,3,0} | 1378248505920
{6,6,2,0} | 1234110758400
{6,5,3,0} | 4059699784704
{6,3,3,2} | 2225935514880
{5,3,3,3} | 492095020032,

which gives the total number 11353128141498. For 7 pairs, there are 5379616 —
4668 = 5374948 pure 7 pairs, and considering weight, we get 5374948 * 67 =
1504641443328 types. For the second exceptional case, we get 13 6 x 412 =
1308622848 types. Hence, the total number of types is 12859078207674, so the
probability is 12859078207674/4250305029168216000 = 0.000003025448 - - - . More-
over, among the winning hands, we can compute the second exceptional case
has the probability 1308622848,/12859078207674 = 0.000101766 - - -, which is
small, so this gives the reason that the second exceptional cases of hand get
high points.

Lastly, we will consider the types of ready hands. For a given ready hand set
of tiles, a type is defined by the minimal subset of size 3n+ 1 or 3n+ 2 such that
the waiting structure is preserved. We can consider two kinds of types. One is
the weak type, which preserves the whole partition structure for waitings. Other
is the strong type, which preserves only the set of waiting tiles. Note that the
weak type of the weak type is itself and the strong type of the strong type is
also itself. Hence, we can define the weak type tile set as a tile set with the
self-weak type and the strong type tile set as a tile set with self-strong type.
Easily, every strong type tile set is a weak type tile set except one case.

In this paper, we will consider types formally. For example, 1111 is treated
as a ready hand set where 1 is the waiting tile, and there are two partition
structures for waitings, 1/111 and 11/11. It can be easily checked that 1111 is
a weak type tile set, and its strong type tile set is 11. I’ll mention that this is a
very special tile set, since it cannot appear as the weak type tile set of a bigger
tile set. All such bigger tile sets have 1111 as the weak type.

Before starting to use the brute-force method, we can reduce the number of
cases to check. First, we may assume the tile set only consists of two kinds of
suited tiles. Second, by shifting, we may assume the tile set contains the first
tiles of suited tile sets that used. Lastly, even the uniqueness of the type of the
given ready hand is not proved, a larger tile set that containing given weak or
strong type uniquely can be constructed except 11 as weak type. Appendix B
contains the detail for the brute-force method.

The number of weak type tile sets with above assumptions is 2090. Only
two of them, 1111 and 1111234444, are completely formal, so it is impossible




to win, and 11 is the only exception that we cannot find by brute-force method
on large tile sets. For strong type tile sets, the number is 745. Since 1111 and
1111234444 are not strong types, every strong type tile is not completely formal
where 11 cannot appear for the strong type for an informal ready hand. The full
list of types is given in Appendix B. Note that these numbers can be reduced,
since our brute-force method counts 1144 and 1155 as distinct type where those
are equivalent if we consider partial shifting. Also, if we consider symmetry, we
may handle 1112 and 1222 be equivalent to reduce the number.

One interesting kind of strong type tile sets is the one that has every tiles
in a suited set as waitings. Using the full list, we can deduce that 2223456677778,
2333344567888, 2344445666678, 1112345666678, 2223456777789, 1233334567888,
2344445678999, and 1112345678999 are only such tile sets. Note that except
1112345678999, every such tile set contains full four copies of some tiles, so
1112345678999 is considered as a very special tile set.

Another interesting kind of weak or strong type tile sets is the tile set that
consists of two kinds of suited tiles. Among 2090 weak types, there are 186
types that consist of two kinds of suited tiles. Among 745 strong types, there
are 65 such types.
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Summary

In summary, we have calculated several parameters from mahjong. In Section
2, we proved that the greedy algorithm works with graph theoretical concepts.
From this result, we may expect the greedy algorithm to work even when the
structure of winning hands is changed. Moreover, if the greedy algorithm always
works, then we may construct an algorithm to compute the distance formula
from the given structure of winning hands.

Most of the calculations in Section 3 are based on the brute force method
rather than the theory. This makes it hard to extend and generalize arguments
of Section 3. Hence, from now on, we may try to build up a theory to calculate,
or analyze based on some extremal concepts.

Appendix 1

Mahjong is a board game usually played by four people. The goal of mahjong
is collecting tiles in some specific ways. Without considering bonus tiles, there
are two kinds of tiles: suited tiles and honor tiles. Whether bonus tiles are used
or not is determined according to the rules. These two major kinds of tiles are
used for almost every mahjong rule, where some of those tiles might not be used
based on rules.



Suited tiles are tiles that numbered from one to nine. There are three kinds
of suited tiles: circles, bamboo, and characters. For honor tiles, there are two
kinds: wind tiles and dragon tiles. Wind tiles denote four cardinal directions,
and dragon tiles denote three colors: green, red and white. Lastly, note that for
each suited tiles and honor tiles, there are four copies in the whole set.

In the player’s hand, three consecutive suited tiles in the same kind is called
a sequence. The sequence is not defined for honor tiles. Two identical tiles are
called a pair, and three identical tiles are called a triplet. Four identical tiles
are not considered as important, but there is a specific rule that players may
declare to handle it like a triplet. Lastly, waiting for a sequence means a set of
two tiles where one more tile can yield a sequence.

For each turn, the player draws a tile, and if the player cannot win on that
turn, the player discards a tile. Therefore, in general, the number of tiles in a
player’s hand is fixed. Without considering some exceptional winning hand, a
general winning hand is defined as a pair, which is called the head, with several
triplets and sequences. Most of the rules of mahjong require four of them, so
the hand of the playing player of the turn consists of 14 tiles to win, which
means non-playing players have 13 tiles in their hand. However, there are some
exceptions such as Taiwanese mahjong, which needs five of them.

The non-playing player’s hand is called ready hand if the player can satisfy
the winning hand condition with only one more tile. Moreover, we consider the
technical ready hand, which satisfies all conditions of the ready hand but it is
impossible to win because of the restriction on the number of tiles. For example,
if the hand is 1111777888999, in the same suited kind, it is a technical ready
hand since 11/111/777/888/999 is a winning hand, but this is impossible since
there is no fifth 1.

Appendix 2

For the brute force methods used in the Section 3, basic idea is that consider a
tile set as a sequence of numbers for each tile consisting given tile set rather than
as a multiset. For example, tile set 1113456678 from tiles 1 to 9 is considered
as the sequence (3,0,1,1,1,2,1,1,0). Then, to process the brute force method, we
have to check every such sequence with fixed sum. Hence, we need to consider
an algorithm to check every nonnegative integer solutions of z1 +-- -+ x,, = m.
Naturally, it is enough to find an algorithm to get the next solution as the
output from the given solution as the input. The following algorithm is one of
such algorithms.

e The first element is (0,0,--- ,m).
e The sequence is (a1, -+ ,ap).

1 < The first nonzero index
7 < The second nonzero index
if i =1 and j = oo then



Input sequence is the last.
if i=1and j =2 then

(a1,a2) — (CL1 +1,a9 — 1)
ifi=1and 2 < j < oo then

(al,aj_l,aj) — (0,@1 =+ 1,aj — 1)
else

(ai_l, ai) — (1,&1‘ — 1)

This algorithm works since if we consider by, = Zle a;, then the algorithm gives
every nonnegative nondecreasing sequence by, - - - , b,,,—1 satisfying b,,_1 < m in
colexicographic order. If we introduce a temporary variable, this algorithm can
be reduced as following.
i < The first nonzero index satisfying ¢ > 2.
if ¢ = oo then
Input sequence is the last.
else
temp<— a;
ay < 0
a;—1 <temp+1
a; +—a;—1
Equivalence of two algorithms can be checked easily.
Now, the following list is the full list of 745 strong type tile sets that consist
of at most two types of tiles and contain the first tile of consisting types.

1 1111233455556 1112223334455 1112223377

11 1111233456 1112223334456 1112223377789
1111222233 1111233456678 1112223334555 1112223378999
1111222233345 1111233456789 1112223334567 1112223388
1111222233456 1111233456888 1112223334577 1112223399
1111222333 1111233555 1112223334588 11122233aa
1111222333344 1111233567888 1112223334599 11122233aaabc
1111222333345 1112 11122233345aa 11122233abccc
1111222333456 1112222333444 1112223344 1112223456
1111223333445 1112222333445 1112223344455 1112223456678
1111223333455 1112222333455 1112223344456 1112223456789
1111223334 1112222334 1112223344567 1112233
1111223334456 1112222334456 1112223345 1112233334
1111223334555 1112222334567 1112223345666 1112233334445
1111223334567 1112223 1112223345678 1112233334455
1111223344566 1112223333 1112223355 1112233334456
1111233 1112223333444 1112223355567 1112233334567
1111233334455 1112223333445 1112223356777 1112233344
1111233345 1112223333456 1112223366 1112233344456
1111233345555 1112223334 1112223366678 1112233344556
1111233345678 1112223334445 1112223367888 1112233344566



1112233344567
1112233345
1112233345678
1112233445566
1112233456
1112233456789
1112234
1112234567
1112333
1112333344455
1112333344556
1112333345
1112333345567
1112333345678
1112333444555
1112333445
1112333445555
1112333445556
1112333445566
1112333445567
1112333445678
1112333455
1112333455567
1112333456
1112333456789
1112334
1112334455556
1112334455566
1112334455667
1112334456
1112334456678
1112334456789
1112334456888
1112334555
1112334555567
1112334567
1112334567888
1112344455566
1112344555566
1112344555666
1112344556667
1112344566
1112344566678
1112344566789
1112344566888
1112345

1112345555667
1112345556
1112345556667
1112345556677
1112345556678
1112345556789
1112345566
1112345566667
1112345566677
1112345566678
1112345566789
1112345567
1112345666
1112345666678
1112345666778
1112345666788
1112345666789
1112345667
1112345667789
1112345667888
1112345677899
1112345678
1112345678889
1112345678899
1112345678999
11123456789aa
1112345679
1112345688
1112345699
11123456aa
11123456aaabc
11123456abccc
1112346
1112346667788
1112346678
1112346678888
1112346788889
1112346789
1112346888
1112355
1112355567
1112355666777
1112355667788
1112366
1112366677788
1112366678

1112366777888
1112366778899
1112367888
1112377
1112377788899
1112377789
1112377888999
1112378999
1112388
1112399
11123aa
11123aaabbbcc
11123aaabc
11123aaabcdef
11123aabbbcce
11123aabbcedd
11123abccc
11123abcccede
11123abcdeftf
1113
1113334445556
1113334455
1113334455567
1113334455678
1113345
1113345555
1113345555678
1113345567888
1113345678
1113455556
1113455556678
1113455556789
1113455667888
1113456
1113456667788
1113456678
1113456678888
1113456788889
1113456789
1113456888
1113555
1113566677788
1113567888
1122

1122223
1122223333

1122223333456
1122223334
1122223334444
1122223334567
1122223344
1122223344455
1122223344456
1122223344556
1122223344566
1122223344567
1122223345
1122223345666
1122223345678
1122223456
1122223456789
1122233
1122233334
1122233334456
1122233334555
1122233334567
1122233344445
1122233344566
1122233345
1122233345556
1122233345566
1122233345567
1122233345666
1122233345667
1122233345678
1122233345679
1122233345688
1122233345699
11222333456aa
1122233346
1122233346678
1122233346789
1122233346888
1122233355
1122233355567
1122233366
1122233366678
1122233367888
1122233377
1122233377789
1122233378999
1122233388



1122233399
11222333aa
11222333aaabc
11222333abcce
1122233444
1122233444455
1122233444555
1122233445556
1122233445566
1122233445666
1122233455
1122233456777
1122234
1122234567
1122333
1122333344
1122333344445
1122333344456
1122333344555
1122333345
1122333345555
1122333345678
1122333444
1122333444456
1122333444555
1122333444567
1122333455556
1122333456
1122333456678
1122333456777
1122333456789
1122333456888
1122333555
1122333567888
11223344
1122334445556
11223344456
1122334445666
1122334445688
1122334445699
11223344456aa,
1122334455
1122334455566
1122334455567
1122334455666
1122334466

1122334466678
1122334467888
1122334477
1122334477789
1122334478999
1122334488
1122334499
11223344aa
11223344aaabc
11223344abcce
1122344455566
1122345666
1122345678999
1123333
1123333445555
1123333456
1123333456789
1123334444555
1123334555
1123334567888
1123344455
1123344455566
1123344455666
1123344455678
1123344555566
1123344556666
1123345666
1123345678999
1133
1133344455
1133344455567
1133345
1133345678
1133444555
1133444555678
1133445566
1133445566678
1134555
1134555567
1134555666777
1134555667788
1134566677788
1134567888
1144
1144455566
1144455566678

1144456
1144456789
1144555666
1144555666789
1144556677
1144556677789
1145666
1145666678
1145666777888
1145666778899
1145677788899
1145678999
1155
1155566677
1155566677789
1155567
1155666777
1155667788
1156777
1156777789
1156777888999
1166
1166677788
1166678
1166777888
1166778899
1167888

1177
1177788899
1177789
1177888999
1178999

1188

1199

1laa
11laaabbbcc
11laaabbbccede
1laaabc
1laaabcdef
1laaabcdefghi
11laabbbcce
11laabbbccedef
1laabbcedd
1laabbcedddef
11labcce
11labcceede

11labccecedefgh
11abccedddeee
11labcceddeeft
1labcdddeeeff
1labcdefff
11abcdeffffgh
11abcdefghiii
12

1222

1222233
1222233334
1222233334445
1222233334455
1222233334456
1222233334567
1222233344
1222233344445
1222233344455
1222233344456
1222233344567
1222233345
1222233345678
1222233444
1222233444456
1222233444556
1222233444567
1222233445
1222233445567
1222233445666
1222233445678
1222233456
1222233456678
1222233456777
1222233456789
1222234
1222234445566
1222234456
1222234456666
1222234456789
1222234566667
1222234567
1222234567789
1222234567999
1222234666
1222234678999
1222333



1222333344
1222333344445
1222333344456
1222333344555
1222333345
1222333345678
1222333444
1222333444456
1222333444555
1222333444567
1222333444666
1222333445566
1222333456777
1222334444
1222334444567
1222334445666
1222334455566
1222334456777
1222344455566
1222345
1222345666
1222345666678
1222345678
1222345678999
1223333444
1223333444456
1223333444555
1223333445555
1223333456777
1223334444555
1223334455556
1223334555
1223334567888
1223344445
1223344445567
1223344445666
1223344445678
1223344455666
1223344555566
1223344556777
1223444
1223455566677
1223456777
1233334
1233334444556
1233334445

1233334445555
1233334445556
1233334445566
1233334445567
1233334445678
1233334455
1233334455556
1233334455567
1233334455678
1233334456
1233334456789
1233334555
1233334555567
1233334555678
1233334556777
1233334567
1233334567778
1233334567789
1233334567888
12333345678aa
1233334577
1233334577789
1233334588
1233334599
12333345aa
12333345aaabc
12333345abccc
1233344
1233344445
1233344445555
1233344445556
1233344445566
1233344445567
1233344445678
1233344455
1233344455556
1233344455567
1233344455577
1233344455588
1233344455599
12333444555aa
1233344455666
1233344456
1233344456789
1233344555
1233344555566

1233344555567
1233344555666
1233344555678
1233344555777
1233344556677
1233344556688
1233344556699
12333445566aa
1233344567888
1233345555
1233345555678
1233345556777
1233345567888
1233355
1233355566677
1233355567
1233355666777
1233355667788
1233356777
1233356777789
1233366
1233366677788
1233366678
1233366777888
1233366778899
1233367888
1233377
1233377788899
1233377789
1233377888999
1233378999
1233388
1233399
12333aa
12333aaabbbcc
12333aaabc
12333aaabcdef
12333aabbbccc
12333aabbcedd
12333abcce
12333abccccde
12333abcdeftf
1233444
1233444455
1233444455556
1233444455566

1233444455567
1233444455666
1233444455667
1233444455678
1233444456
1233444456678
1233444456789
1233444456888
1233444555
1233444555567
1233444555666
1233444556666
1233444567
1233444567888
1233445555666
1233445556777
1233445566667
1233445666
1233445678999
1233455556
1233455556678
1233455556777
1233455556789
1233455566677
1233455667888
1233456
1233456667788
1233456677778
1233456678
1233456678888
1233456777
1233456777789
1233456777888
1233456788889
1233456789
1233456888
1233555
1233566677788
1233567888
1234
1234444555566
1234444555666
1234444556667
1234444566
1234444566678
1234444566789



1234444566888
1234445
1234445556666
1234445556667
1234445556677
1234445556688
1234445556699
12344455566aa
1234445566
1234445566667
1234445566678
1234445566789
1234445567
1234445666
1234445666678
1234445666789
1234445678
1234445678999
1234455556
1234455556666
1234455556678
1234455556789
1234455566667
1234455566777
1234455566788
1234455666
1234455666677
1234455666678

1234455666777
1234455666789
1234455666888
1234455678999
1234456
1234456666
1234456666789
1234456678999
1234456789
12345

1234555
1234555566
1234555566667
1234555566677
1234555566678
1234555566777
1234555566778
1234555566789
1234555567
1234555567789
1234555567999
1234555666
1234555666677
1234555666678
1234555666777
1234555667777
1234555678
1234555678999

1234556666777
1234556667888
1234556677778
1234556777

1234566667

1234566667778
1234566667788
1234566667789
1234566667888
12345666678aa
1234566677

1234566677778
1234566677788
1234566677789
1234566677888
1234566678888
1234566688

1234566699

12345666aa

12345666aaabc
12345666abccc
1234566777

1234566777788
1234566777789
1234566777888
1234566778999
1234566788889
1234566789

1234566888
1234567
1234567777899
1234567778
1234567778899
1234567778999
1234567788889
1234567788999
1234567789
1234567789999
12345678
1234567888
1234567888899
1234567888999
12345678999aa
1234567999
1234666
1234677788899
1234678999

13

1333
1344455566
1345666
1345677788899
1345678999

The following list is the full list of 2090 weak type tile sets.

1

11

1111

1111222
1111222233
1111222233334
1111222233344
1111222233345
1111222233444
1111222233445
1111222233456
1111222233555
1111222234
1111222234444
1111222234456

1111222234555
1111222234567
1111222234666
1111222333

1111222333344
1111222333345
1111222333444
1111222333445
1111222333456
1111222334

1111222334455
1111222334456
1111222334555
1111222334567
1111222345

1111222345567
1111222345666
1111222345678
1111223
1111223333
1111223333444
1111223333445
1111223333455
1111223333456
1111223334
1111223334445
1111223334455
1111223334456
1111223334555
1111223334567

1111223344
1111223344456
1111223344555
1111223344556
1111223344566
1111223344567
1111223344666
1111223345
1111223345555
1111223345567
1111223345666
1111223345678
1111223345777
1111233
1111233334



1111233334444
1111233334455
1111233334456
1111233334555
1111233334567
1111233334666
1111233344455
1111233344556
1111233345
1111233345555
1111233345567
1111233345666
1111233345678
1111233444556
1111233445
1111233445555
1111233445566
1111233445567
1111233445666
1111233455556
1111233455667
1111233456
1111233456666
1111233456678
1111233456789
1111233456888
1111233555
1111233567888
1111234
1111234444
1111234444555
1111234444567
1111234444666
1111234445566
1111234455556
1111234455667
1111234456
1111234456666
1111234456678
1111234456777
1111234456789
1111234555
1111234555567
1111234555666
1111234555678
1111234556677

1111234566667
1111234566778
1111234567
1111234567777
1111234567789
1111234567888
1111234567999
1111234666
1111234678999
1111333
1111344455566
1111345666
1111345678999
1112

1112222
1112222333
1112222333344
1112222333345
1112222333444
1112222333445
1112222333455
1112222333456
1112222333466
1112222333477
1112222333488
1112222333499
11122223334aa
1112222334
1112222334444
1112222334445
1112222334455
1112222334456
1112222334555
1112222334567
1112222344
1112222344445
1112222344456
1112222344556
1112222344567
1112222344666
1112222345
1112222345555
1112222345567
1112222345666
1112222345678
1112222345777

1112222444
1112222456777
1112223
1112223333
1112223333444
1112223333445
1112223333455
1112223333456
1112223333466
1112223333477
1112223333488
1112223333499
11122233334aa
1112223333555
1112223334
1112223334444
1112223334445
1112223334455
1112223334456
1112223334466
1112223334477
1112223334488
1112223334499
11122233344aa
1112223334555
1112223334566
1112223334567
1112223334577
1112223334588
1112223334599
11122233345aa
1112223334666
1112223344
1112223344445
1112223344455
1112223344456
1112223344466
1112223344477
1112223344488
1112223344499
11122233444aa
1112223344555
1112223344556
1112223344567
1112223345
1112223345556

1112223345567
1112223345666
1112223345678
1112223355
1112223355567
1112223356667
1112223356777
1112223366
1112223366678
1112223367778
1112223367888
1112223377
1112223377789
1112223378889
1112223378999
1112223388
1112223399
11122233aa
11122233aaabc
11122233abbbc
11122233abccc
1112223444
1112223444456
1112223444555
1112223444567
1112223445566
1112223455556
1112223455667
1112223456
1112223456666
1112223456678
1112223456777
1112223456789
1112223456888
1112223555
1112223567888
1112233
1112233334
1112233334444
1112233334445
1112233334455
1112233334456
1112233334555
1112233334567
1112233344
1112233344445



1112233344455
1112233344456
1112233344466
1112233344477
1112233344488
1112233344499
11122333444aa,
1112233344555
1112233344556
1112233344566
1112233344567
1112233345

1112233345556
1112233345567
1112233345666
1112233345678
1112233355

1112233355567
1112233356667
1112233356777
1112233366

1112233366678
1112233367778
1112233367888
1112233377

1112233377789
1112233378889
1112233378999
1112233388

1112233399

11122333aa

11122333aaabc
11122333abbbc
11122333abcce
1112233444

1112233444455
1112233444456
1112233444555
1112233444556
1112233444567
1112233444666
1112233445

1112233445555
1112233445556
1112233445566
1112233445567

1112233445666
1112233445678
1112233445777
1112233455
1112233455567
1112233456
1112233456678
1112233456777
1112233456789
1112234
1112234455556
1112234455667
1112234456
1112234555
1112234555567
1112234567
1112234567789
1112234567888
1112333
1112333344
1112333344445
1112333344455
1112333344456
1112333344555
1112333344556
1112333344566
1112333344567
1112333344666
1112333345
1112333345555
1112333345567
1112333345666
1112333345678
1112333345777
1112333444
1112333444455
1112333444456
1112333444555
1112333444556
1112333445
1112333445555
1112333445556
1112333445566
1112333445567
1112333445666
1112333445678

1112333455
1112333455567
1112333456
1112333456678
1112333456777
1112333456789
1112334
1112334444555
1112334444556
1112334444566
1112334444577
1112334444588
1112334444599
11123344445aa
1112334445
1112334445555
1112334445556
1112334445566
1112334445567
1112334445666
1112334455
1112334455556
1112334455566
1112334455567
1112334455666
1112334455667
1112334455677
1112334455678
1112334455688
1112334455699
11123344556aa
1112334455777
1112334456
1112334456666
1112334456678
1112334456777
1112334456789
1112334456888
1112334555
1112334555567
1112334556667
1112334556777
1112334566
1112334566678
1112334567
1112334567778

1112334567789
1112334567888
1112334577
1112334577789
1112334578889
1112334578999
1112334588
1112334599
11123345aa
11123345aaabc
11123345abbbc
11123345abccc
1112344
1112344445
1112344445555
1112344445556
1112344445566
1112344445567
1112344445666
1112344445677
1112344445678
1112344445688
1112344445699
11123444456aa
1112344445777
1112344455
1112344455556
1112344455566
1112344455567
1112344455666
1112344455667
1112344456
1112344456666
1112344456667
1112344456678
1112344456777
1112344456789
1112344466
1112344466678
1112344467778
1112344467888
1112344477
1112344477789
1112344478889
1112344478999
1112344488



1112344499
11123444aa
11123444aaabc
11123444abbbc
11123444abcce
1112344555
1112344555566
1112344555567
1112344555666
1112344555667
1112344555678
1112344556
1112344556666
1112344556667
1112344556677
1112344556678
1112344556777
1112344566
1112344566667
1112344566678
1112344566778
1112344566789
1112344566888
1112344567
1112344567777
1112344567789
1112344567888
1112344567999
1112344666
1112344678999
1112345
1112345555
1112345555666
1112345555667
1112345555677
1112345555678
1112345555777
1112345556
1112345556666
1112345556667
1112345556677
1112345556678
1112345556777
1112345556789
1112345556888
1112345566

1112345566667
1112345566677
1112345566678
1112345566777
1112345566778
1112345566788
1112345566789
1112345567

1112345567789
1112345567888
1112345666

1112345666677
1112345666678
1112345666777
1112345666778
1112345666788
1112345666789
1112345667

1112345667778
1112345667788
1112345667789
1112345667888
1112345667899
11123456678aa,
1112345677

1112345677778
1112345677788
1112345677789
1112345677799
11123456777aa
1112345677888
1112345677889
1112345677899
1112345677999
1112345678

1112345678888
1112345678889
1112345678899
1112345678999
11123456789aa,
1112345679

1112345679999
1112345688

1112345699

11123456aa

11123456aaabc

11123456abbbc
11123456abcce
1112345777
1112346
1112346666
1112346666777
1112346666789
1112346666888
1112346667788
1112346677778
1112346677889
1112346678
1112346678888
1112346678999
1112346777
1112346777789
1112346777888
1112346778899
1112346788889
1112346789
1112346789999
1112346888
1112355
1112355566677
1112355566777
1112355567
1112355567789
1112355567888
1112355666777
1112355667788
1112356666778
1112356667
1112356677778
1112356777
1112356777789
1112356778999
1112366
1112366677788
1112366677888
1112366678
1112366678999
1112366777888
1112366778899
1112367777889
1112367778
1112367788889

1112367888
1112377
1112377788899
1112377788999
1112377789
1112377888999
1112378889
1112378999
1112388
1112399
11123aa
11123aaabbbcc
11123aaabbcce
11123aaabc
11123aaabccde
11123aaabcddd
11123aaabcdef
11123aabbbccce
11123aabbccdd
11123abbbbced
11123abbbc
11123abbccced
11123abcce
11123abcceede
11123abccedeee
11123abcdeftf
1112444
1112455566677
1112456777
1113

1113333
1113333444
1113333444456
1113333444555
1113333444567
1113333445566
1113333455556
1113333455667
1113333456
1113333456666
1113333456678
1113333456777
1113333456789
1113333456888
1113333555
1113333567888



1113334445556
1113334455
1113334455567
1113334455666
1113334455678
1113344445
1113344445555
1113344445567
1113344445666
1113344445678
1113344455566
1113344555667
1113344556
1113344556666
1113344556678
1113344556777
1113344556789
1113344556888
1113345
1113345555
1113345555666
1113345555678
1113345566667
1113345566778
1113345567
1113345567888
1113345666
1113345666678
1113345678
1113345678999
1113444
1113444455556
1113444455667
1113444456
1113444456666
1113444456678
1113444456777
1113444456789
1113444456888
1113444555
1113444555567
1113444555666
1113444556677
1113444567
1113444567789
1113444567888

1113445556667
1113445566
1113445566678
1113445566777
1113445566789
1113445566888
1113455556
1113455556666
1113455556678
1113455556777
1113455556789
1113455556888
1113455566677
1113455666778
1113455667
1113455667777
1113455667789
1113455667888
1113456
1113456666
1113456666777
1113456666789
1113456666888
1113456667788
1113456677778
1113456677889
1113456678
1113456678888
1113456678999
1113456777
1113456777789
1113456777888
1113456778899
1113456788889
1113456789
1113456789999
1113456888
1113555
1113566677788
1113567888
1122

1122223
1122223333
1122223333444
1122223333445
1122223333455

1122223333456
1122223334
1122223334444
1122223334445
1122223334455
1122223334456
1122223334555
1122223334567
1122223344
1122223344445
1122223344455
1122223344456
1122223344555
1122223344556
1122223344566
1122223344567
1122223345
1122223345567
1122223345666
1122223345678
1122223444
1122223444456
1122223456
1122223456678
1122223456777
1122223456789
1122233
1122233334
1122233334444
1122233334445
1122233334455
1122233334456
1122233334555
1122233334566
1122233334567
1122233334577
1122233334588
1122233334599
11222333345aa
1122233344
1122233344445
1122233344455
1122233344456
1122233344466
1122233344477
1122233344488

1122233344499
11222333444aa,
1122233344555
1122233344556
1122233344566
1122233344567
1122233344666
1122233345

1122233345555
1122233345556
1122233345566
1122233345567
1122233345666
1122233345667
1122233345677
1122233345678
1122233345679
1122233345688
1122233345699
11222333456aa,
1122233345777
1122233346

1122233346666
1122233346678
1122233346777
1122233346789
1122233346888
1122233355

1122233355567
1122233356667
1122233356777
1122233366

1122233366678
1122233367778
1122233367888
1122233377

1122233377789
1122233378889
1122233378999
1122233388

1122233399

11222333aa,

11222333aaabc
11222333abbbc
11222333abcce
1122233444



1122233444455
1122233444555
1122233445556
1122233445566
1122233445666
1122233455
1122233456777
1122234
1122234455556
1122234455667
1122234456
1122234555
1122234555567
1122234567
1122234567789
1122234567888
1122333
1122333344
1122333344445
1122333344455
1122333344456
1122333344555
1122333344556
1122333345
1122333345555
1122333345567
1122333345666
1122333345678
1122333444
1122333444455
1122333444456
1122333444555
1122333444556
1122333444566
1122333444567
1122333444577
1122333444588
1122333444599
11223334445aa
1122333445
1122333445555
1122333445566
1122333445567
1122333445666
1122333455556
1122333455667

1122333456
1122333456666
1122333456678
1122333456777
1122333456789
1122333456888
1122333555
1122333567888
1122334
1122334444
1122334444555
1122334444556
1122334444567
1122334444666
1122334445
1122334445555
1122334445556
1122334445566
1122334445567
1122334445666
1122334445677
1122334445678
1122334445688
1122334445699
11223344456aa
1122334445777
1122334455
1122334455556
1122334455566
1122334455567
1122334455666
1122334455667
1122334456
1122334456666
1122334456667
1122334456678
1122334456777
1122334456789
1122334466
1122334466678
1122334467778
1122334467888
1122334477
1122334477789
1122334478889
1122334478999

1122334488
1122334499
11223344aa
11223344aaabc
11223344abbbc
11223344abccc
1122334555
1122334555567
1122334555666
1122334555678
1122334556677
1122334566667
1122334566778
1122334567
1122334567777
1122334567789
1122334567888
1122334567999
1122334666
1122334678999
1122344
1122344455566
1122345666
1122345678999
1123

1123333
1123333444
1123333444455
1123333444456
1123333444555
1123333445
1123333445555
1123333445567
1123333445666
1123333445678
1123333456
1123333456678
1123333456777
1123333456789
1123334
1123334444555
1123334445566
1123334555
1123334567888
1123344
1123344445

1123344445666
1123344455
1123344455556
1123344455566
1123344455567
1123344455666
1123344455667
1123344455678
1123344456
1123344555
1123344555566
1123344555567
1123344556
1123344556666
1123344556678
1123344556777
1123344556789
1123344567
1123344567789
1123344567888
1123345
1123345666
1123345678999
1123444
1123444455566
1123444456
1123444456678
1123444456777
1123444456789
1123444555666
1123444556677
1123445566667
1123445666
1123445666678
1123445678999
1123455566677
1123456
1123456677778
1123456677889
1123456678
1123456777
1123456777789
1123456789
1133
1133344445556
1133344455



1133344455556
1133344455566
1133344455567
1133344455666
1133344555
1133344555666
1133345
1133345566667
1133345566778
1133345567
1133345666
1133345666678
1133345678
1133345678999
1133444555
1133444555567
1133444555666
1133444555678
1133445556667
1133445566
1133445566678
1134444555666
1134444556
1134444556678
1134444556777
1134444556789
1134445
1134445555666
1134445556677
1134455556
1134455667888
1134555
1134555566677
1134555567
1134555567789
1134555567888
1134555666777
1134555667788
1134556677778
1134556777
1134556777789
1134566677788
1134567788889
1134567888
1144
1144455556667

1144455566
1144455566667
1144455566677
1144455566678
1144455566777
1144455666
1144455666777
1144456
1144456677778
1144456677889
1144456678
1144456777
1144456777789
1144456789
1144555666
1144555666678
1144555666777
1144555666789
1144556667778
1144556677
1144556677789
1145555666777
1145555667
1145555667789
1145555667888
1145556
1145556666777
1145556667788
1145566667
1145566778999
1145666
1145666677788
1145666678
1145666678999
1145666777888
1145666778899
1145667788889
1145667888
1145677788899
1145678999
1155
1155566667778
1155566677
1155566677778
1155566677788
1155566677789

1155566677888
1155566777
1155566777888
1155567
1155567788889
1155567789
1155567888
1155666777
1155666777789
1155666777888
1155667778889
1155667788
1156666777888
1156666778
1156666778999
1156667
1156667777888
1156667778899
1156677778
1156777
1156777788899
1156777789
1156777888999
1156778999
1166
1166677778889
1166677788
1166677788889
1166677788899
1166677788999
1166677888
1166677888999
1166678
1166678999
1166777888
1166777888999
1166778899
1167777888999
1167777889
1167778
1167778888999
1167788889
1167888

1177
1177788899
1177788999

1177789
1177888999
1178889
1178999

1188

1199

1laa
11laaabbbbcced
1laaabbbcc
1laaabbbccced
1laaabbbccedd
11laaabbbccede
1laaabbbceddd
11laaabbcce
1laaabbcceddd
1laaabc
1laaabccdddde
1laaabccddeef
1laaabccde
1laaabcddd
1laaabcddddef
1laaabcdef
1laaabcdeffgh
1laaabcdefggg
1laaabcdefghi
11laabbbcce
11laabbbcccede
11laabbbcceddd
1laabbbccedef
1laabbcceddde
1laabbcedd
1laabbcedddef
11abbbbcceddd
11abbbbced
11labbbbccddef
11abbbbcedeee
11abbbbccdefg
11abbbc
11abbbccceddd
11labbbcceddee
11labbccced
11abbcceddeftf
1labcce
11abccecedddee
1labcceede
11labccecedeefg



1labcccedeftf
11abccecedefgh
1labccedddeee
11labcceeddeeft
1labceddeeeef
11abccdeee
1labccdeeeefg
1labcedefghhh
1labcdddeeeft
11labcdeeftftg
1labcdefff
11abcdeffffgh
11abcdefghiii
12

1222

1222233
1222233334
1222233334444
1222233334445
1222233334455
1222233334456
1222233334555
1222233334567
1222233334666
1222233344
1222233344445
1222233344455
1222233344456
1222233344466
1222233344477
1222233344488
1222233344499
12222333444aa
1222233344555
1222233344556
1222233344566
1222233344567
1222233345
1222233345567
1222233345666
1222233345678
1222233444
1222233444455
1222233444456
1222233444555
1222233444556

1222233444567
1222233445

1222233445556
1222233445566
1222233445567
1222233445666
1222233445677
1222233445678
1222233445688
1222233445699
12222334456aa
1222233455

1222233455556
1222233455566
1222233455567
1222233455577
1222233455588
1222233455599
12222334555aa,
1222233455666
1222233455667
1222233455678
1222233455777
1222233456

1222233456666
1222233456667
1222233456678
1222233456777
1222233456788
1222233456789
1222233456799
1222233456 7aa
1222233456888
1222233466

1222233466678
1222233467778
1222233467888
1222233477

1222233477789
1222233478889
1222233478999
1222233488

1222233499

12222334aa

12222334aaabc
12222334abbbc

12222334abccc
1222233555
1222233567888
1222234
1222234444
1222234444555
1222234444567
1222234444666
1222234445566
1222234455556
1222234455667
1222234456
1222234456666
1222234456678
1222234456777
1222234456789
1222234555
1222234555567
1222234555666
1222234555678
1222234556677
1222234566667
1222234566778
1222234567
1222234567777
1222234567789
1222234567888
1222234567999
1222234666
1222234678999
1222333
1222333344
1222333344445
1222333344455
1222333344456
1222333344466
1222333344477
1222333344488
1222333344499
12223333444aa
1222333344555
1222333345
1222333345567
1222333345666
1222333345678
1222333444

1222333444455
1222333444456
1222333444555
1222333444556
1222333444567
1222333444666
1222333445
1222333445555
1222333445566
1222333445567
1222333445577
1222333445588
1222333445599
12223334455aa
1222333445666
1222333445678
1222333445777
1222333456777
1222334
1222334444
1222334444555
1222334444556
1222334444567
1222334445
1222334445666
1222334455
1222334455556
1222334455566
1222334455567
1222334455666
1222334455667
1222334455678
1222334456
1222334456777
1222334555
1222334555567
1222334556777
1222334567
1222334567789
1222334567888
1222344
1222344455566
1222344455666
1222344456
1222344456678
1222344456777



1222344456789
1222344555666
1222344556677
1222345
1222345555667
1222345556
1222345566667
1222345566778
1222345567
1222345666
1222345666678
1222345667888
1222345678
1222345678999
1222355
1222355566677
1222355566777
1222355567
1222355567789
1222355567888
1222355666777
1222355667788
1222356666778
1222356667
1222356677778
1222356777
1222356777789
1222356778999
1222366
1222366677788
1222366677888
1222366678
1222366678999
1222366777888
1222366778899
1222367777889
1222367778
1222367788889
1222367888
1222377
1222377788899
1222377788999
1222377789
1222377888999
1222378889
1222378999

1222388
1222399
12223aa
12223aaabbbcc
12223aaabbccc
12223aaabc
12223aaabccede
12223aaabeddd
12223aaabcdef
12223aabbbccc
12223aabbcedd
12223abbbbced
12223abbbc
12223abbcceed
12223abcce
12223abcccede
12223abccdeee
12223abcdeftf
1223

1223333
1223333444
1223333444455
1223333444456
1223333444555
1223333444556
1223333445
1223333445555
1223333445556
1223333445566
1223333445567
1223333445666
1223333445678
1223333455
1223333455567
1223333456
1223333456667
1223333456678
1223333456777
1223333456789
1223333466
1223333466678
1223333467778
1223333467888
1223333477
1223333477789
1223333478889

1223333478999
1223333488
1223333499
12233334aa
12233334aaabc
12233334abbbc
12233334abccc
1223334
1223334444
1223334444555
1223334444556
1223334444567
1223334445
1223334445555
1223334445556
1223334445566
1223334445567
1223334445666
1223334455
1223334455556
1223334455567
1223334455666
1223334455667
1223334455678
1223334455777
1223334456
1223334456666
1223334456678
1223334456777
1223334456789
1223334456888
1223334555
1223334567888
1223344
1223344445
1223344445555
1223344445566
1223344445567
1223344445666
1223344445678
1223344445777
1223344455556
1223344455566
1223344455666
1223344455667
1223344455677

1223344456
1223344456666
1223344456678
1223344456777
1223344456789
12233445
1223344555
1223344555566
1223344555567
1223344555666
1223344555667
1223344555678
1223344556
1223344556666
1223344556667
1223344556677
1223344556678
12233445567
1223344556777
1223344566
1223344566667
1223344566677
1223344566678
1223344566688
1223344566699
12233445666aa
1223344566777
1223344566778
1223344566789
1223344566888
1223344567
1223344567777
1223344567778
1223344567789
12233445678
1223344567888
1223344567899
1223344567999
1223344666
1223344678999
1223345
1223345555
1223345555666
1223345555678
1223345555777
1223345556677



1223345566667
1223345566778
1223345567
1223345567777
1223345567789
1223345567888
1223345666
1223345666678
1223345666777
1223345666789
1223345667788
1223345677778
1223345677889
1223345678
1223345678888
1223345678999
1223345777
12234

1223444
1223455566677
1223456777
1233

1233334
1233334444
1233334444555
1233334444556
1233334444566
1233334444567
1233334444666
1233334445
1233334445555
1233334445556
1233334445566
1233334445567
1233334445577
1233334445588
1233334445599
12333344455aa
1233334445666
1233334445678
1233334445777
1233334455
1233334455556
1233334455567
1233334455666
1233334455667

1233334455677
1233334455678
1233334456

1233334456678
1233334456777
1233334456789
1233334555

1233334555566
1233334555567
1233334555666
1233334555678
1233334556667
1233334556677
1233334556777
1233334556788
1233334556799
1233334556 7aa
1233334566

1233334566667
1233334566677
1233334566678
1233334566688
1233334566699
12333345666aa
1233334566777
1233334566778
1233334566789
1233334566888
1233334567

1233334567777
1233334567778
1233334567789
1233334567888
1233334567899
12333345678aa
1233334567999
1233334577

1233334577789
1233334578889
1233334578999
1233334588

1233334599

12333345aa

12333345aaabc
12333345abbbc
12333345abcce

1233334666
1233334678999
1233344
1233344445
1233344445555
1233344445556
1233344445566
1233344445567
1233344445666
1233344445678
1233344455
1233344455556
1233344455566
1233344455567
1233344455577
1233344455588
1233344455599
12333444555aa
1233344455666
1233344455677
1233344456
1233344456678
1233344456777
1233344456789
1233344555
1233344555566
1233344555567
1233344555666
1233344555667
1233344555678
1233344555777
1233344556
1233344556666
1233344556667
1233344556677
1233344556678
1233344556688
1233344556699
12333445566aa
1233344556777
1233344556789
1233344556888
1233344566
1233344567888
1233345
1233345555

1233345555666
1233345555667
1233345555678
1233345556
1233345556777
1233345566667
1233345566777
1233345566778
1233345567
1233345567888
1233345666
1233345666678
1233345667888
1233345678
1233345678999
1233355
1233355566677
1233355566777
1233355567
1233355567789
1233355567888
1233355666777
1233355667788
1233356666778
1233356667
1233356677778
1233356777
1233356777789
1233356778999
1233366
1233366677788
1233366677888
1233366678
1233366678999
1233366777888
1233366778899
1233367777889
1233367778
1233367788889
1233367888
1233377
1233377788899
1233377788999
1233377789
1233377888999
1233378889



1233378999
1233388
1233399
12333aa
12333aaabbbcc
12333aaabbccce
12333aaabc
12333aaabccede
12333aaabeddd
12333aaabcdef
12333aabbbccc
12333aabbcedd
12333abbbbced
12333abbbc
12333abbcceed
12333abccc
12333abcccede
12333abccdeee
12333abcdeftf
12334

1233444
1233444455
1233444455556
1233444455566
1233444455567
1233444455666
1233444455667
1233444455678
1233444455777
1233444456
1233444456666
1233444456678
1233444456777
1233444456789
1233444456888
1233444555
1233444555566
1233444555567
1233444555666
1233444555667
1233444556
1233444556666
1233444556677
1233444556678
1233444556777
1233444556789

1233444567
1233444567789
1233444567888
1233445
1233445555
1233445555666
1233445555667
1233445555677
1233445555678
1233445555688
1233445555699
12334455556aa
1233445556
1233445556666
1233445556667
1233445556677
1233445556678
1233445556777
1233445566
1233445566667
1233445566678
12334455667
1233445566777
1233445566778
1233445566788
1233445566789
1233445566888
1233445567
1233445567777
1233445567789
1233445567888
1233445567999
12334456
1233445666
1233445678999
1233455
1233455556
1233455556666
1233455556667
1233455556677
1233455556678
1233455556777
1233455556788
1233455556789
1233455556799
1233455556 7aa

1233455556888
1233455566
1233455566667
1233455566677
1233455566678
1233455566777
1233455566778
1233455567
1233455567777
1233455567778
1233455567789
1233455567888
1233455577
1233455577789
1233455578889
1233455578999
1233455588
1233455599
12334555aa
12334555aaabc
12334555abbbc
12334555abccc
1233455666
1233455666677
1233455666678
1233455666777
1233455666778
1233455666789
1233455667
1233455667777
1233455667788
1233455667789
1233455667888
1233455677778
1233455677889
1233455678
1233455678888
1233455678999
1233455777
1233456
1233456666
1233456666777
1233456666778
1233456666788
1233456666789
1233456666888

1233456667
1233456667777
1233456667788
1233456667789
1233456667888
1233456667999
1233456677778
1233456677888
1233456677889
1233456677899
1233456678
1233456678888
1233456678999
12334567
1233456777
1233456777788
1233456777789
1233456777888
1233456778889
1233456778899
12334567789
1233456778999
1233456788
1233456788889
1233456788899
12334567888aa
1233456788999
1233456789
1233456789999
1233456888
1233555
1233566677788
1233567888
1234

1234444
1234444555
1234444555566
1234444555567
1234444555666
1234444555667
1234444555678
1234444556
1234444556666
1234444556667
1234444556677
1234444556678



1234444566
1234444566667
1234444566678
1234444566778
1234444566789
1234444566888
1234444567
1234444567777
1234444567789
1234444567888
1234444567999
1234444666
1234444678999
1234445
1234445555
1234445555666
1234445555678
1234445555777
1234445556666
1234445556667
1234445556677
1234445556688
1234445556699
12344455566aa
1234445566
1234445566667
1234445566678
1234445566777
1234445566778
1234445566789
1234445567
1234445567789
1234445567888
1234445666
1234445666678
1234445666777
1234445666789
1234445667788
1234445677778
1234445677889
1234445678
1234445678888
1234445678999
1234445777
1234455556
1234455556666

1234455556678
1234455556777
1234455556789
1234455566667
1234455566677
1234455566777
1234455566788
1234455666
1234455666677
1234455666678
1234455666777
1234455666778
1234455666789
1234455666888
1234455667
1234455667777
1234455667778
1234455667789
1234455667888
1234455667999
1234455677
1234455678999
1234456
1234456666
1234456666777
1234456666789
1234456677778
1234456677889
1234456678
1234456678999
1234456777
1234456777789
1234456789
12345

1234555
1234555566
1234555566667
1234555566677
1234555566678
1234555566777
1234555566778
1234555566789
1234555566888
1234555567
1234555567777
1234555567789

1234555567888
1234555567999
1234555666
1234555666677
1234555666678
1234555666777
1234555667777
1234555667788
1234555678
1234555678999
1234556666777
1234556666778
1234556666788
1234556666799
12345566667aa
1234556667
1234556667777
1234556667778
1234556667789
1234556667888
1234556677
1234556677778
1234556677789
12345566778
1234556677888
1234556677899
1234556677999
12345567
1234556777
1234566
1234566667
1234566667777
1234566667778
1234566667788
1234566667789
1234566667888
1234566667899
12345666678aa
1234566667999
1234566677
1234566677778
1234566677788
1234566677789
1234566677888
1234566677889
1234566678

1234566678888
1234566678889
1234566678999
1234566688
1234566699
12345666aa
12345666aaabc
12345666abbbc
12345666abccc
1234566777
1234566777788
1234566777789
1234566777888
1234566777889
1234566778
1234566778888
1234566778899
1234566778999
1234566788889
1234566789
1234566789999
1234566888
1234567
1234567777
1234567777888
1234567777889
1234567777899
1234567777999
1234567778
1234567778888
1234567778899
1234567778999
1234567788889
1234567788999
1234567789
1234567789999
12345678
1234567888
1234567888899
1234567888999
1234567899
12345678999aa
1234567999
1234666
1234677788899
1234678999



13 1344455566 1345677788899
1333 1345666 1345678999
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