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Is this rule really good for safety?
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Motivation

How to count?

Taehyun Eom Forbidden sub-co-walks



Motivation

How to count?

...aa .ba
+b
caa 2. ab ..ab 2. bb
\ \\
+c +c
---ac .- be

Taehyun Eom Forbidden sub-co-walks



Motivation

How to count?

...aa ...ba ...Ca
je e e
+b +b
.aag)...ab ab+b)bb ...ac%...cb
\ S \

+c +c +c
---ac ...be s CC

Taehyun Eom Forbidden sub-co-walks



Motivation

How to count?

ccsaa "'ba <. Ca
+h +b
-aa—>---ab cab 2 bb cac 2 b
\ \\ \
+c +c +c
«--ac 'bC ... CC

Create a De Brujin-like graph — Count the number of walks.
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Motivation

In the point of view of alphabets
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Motivation

In the point of view of alphabets

a a a
e e e
a-—-+b b——b c—b

Count the number of vertex sequences such that
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Motivation

In the point of view of alphabets

a a a
e e e
a-—-+b b——b c—b

Count the number of vertex sequences such that no consecutive

co-edge appears
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Motivation

In the point of view of alphabets

a a a
e e e
a-—-+b b——b c—b

Count the number of vertex sequences such that every sub-co-walk
has length at most 1
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Theory

Basic Definitions

@ D : A simple directed graph allows loops on an n-vertex set V'
< n X n binary matrix

Jn 1 n X n matrix of ones

1, : n x 1 vector of ones
97(5)(D) : The number of vertex sequences vg - - - vy, such that

every sub-co-walk has length at most k&
LF)(D) : kth order line digraph of D with a vertex set VF+1

p : The spectral radius of a matrix
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Theory

Basic Properties

L#F)(J,) : (k+ 1)-dimensional De Brujin graph of n symbols
£O(D)=D
° 0§n0)(D) : The number of length m walks of D

17 [£8(D)] ™ 1 = 09, (D) ifm > 1
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Theory

Basic Properties

How to compute 057’5)(1))?

1) Consider a vertex sequence o = vg -+ U, € VE+L as a set of
vertex sequences ends with .
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Theory

Basic Properties

How to compute 057’5)(1))?

1) Consider a vertex sequence o = vg -+ U, € VE+L as a set of
vertex sequences ends with .

“+w . .
2) Draw arcs oo — vy -+ vpw =: B if vg- - vpw is not a
co-walk.
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Theory

Basic Properties

How to compute 057’5)(1))?
1) Consider a vertex sequence o = vg -+ U, € VE+L as a set of
vertex sequences ends with .
2) Draw arcs a ™ vy - vpw =: B if v+ - - vpw is not a
co-walk.
3) Let such digraph be 6()(D).
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Theory

Basic Properties

How to compute 057’5)(1))?
1) Consider a vertex sequence o = vg -+ U, € VE+L as a set of
vertex sequences ends with .
2) Draw arcs a ™ vy - vpw =: B if v+ - - vpw is not a
co-walk.
3) Let such digraph be 6()(D).

4) Then, 17, [®)(D)]™ 1,1 = 6%

(D) for m > 1.
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Theory

Basic Properties

How to compute 057’5)(1))?

1) Consider a vertex sequence o = vg -+ U, € VE+L as a set of
vertex sequences ends with .

“+w . .
2) Draw arcs oo — vy -+ vpw =: B if vg- - vpw is not a
co-walk.

3) Let such digraph be 6()(D).
4) Then, 17, [®)(D)]™ 1,1 = 6%

(D) for m > 1.
* If s < k, then 0 (D) = ns+1.
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Theory

Basic Properties

How to compute 057’5)(1))?

1) Consider a vertex sequence o = vg -+ U, € VE+L as a set of
vertex sequences ends with .

“+w . .
2) Draw arcs oo — vy -+ vpw =: B if vg- - vpw is not a
co-walk.

3) Let such digraph be 6()(D).
4) Then, 17, [®)(D)]™ 1,1 = 6%

(D) for m > 1.
* If s < k, then 0 (D) = ns+1.

Note that 2) step is same as deleting arcs from £*)(.J,,) when
o — B is an arc of L#)(J, — D).
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Theory

Basic Properties

How to compute Hgf)(D)?

1) Consider a vertex sequence o = vg -+ - V) € VF+l a5 a set of
vertex sequences ends with «.

“+w . .
2) Draw arcs oo — vy ---vpw =: B if vg- - vgw is not a
co-walk.

3) Let such digraph be 6()(D).
4) Then, 17, [®)(D)]™ 1,01 = 8%} (D) for m > 1.

m+k
* If s < k, then 0 (D) = ns+1.

sO(D) = LW (J,) — LF)(J, — D).
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Theory

Perron-Frobenius theorem

Perron-Frobenius theorem for irreducible non-negative matrices

For any irreducible non-negative matrix A, p(A) is a simple
eigenvalue of A and it corresponds to a positive eigenvector.

Taehyun Eom Forbidden sub-co-walks



Theory

Perron-Frobenius theorem

Perron-Frobenius theorem for irreducible non-negative matrices

For any irreducible non-negative matrix A, p(A) is a simple
eigenvalue of A and it corresponds to a positive eigenvector.

For reducible non-negative matrix, its spectrum is union of spectra
of submatrices based on irreducible components, i.e. strongly
connected components in underlying directed graph.
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Theory

Perron-Frobenius theorem

Corollary

For an irreducible non-negative matrix A and its positive
eigenvector z of p(A),

[(mini %) vTac} p(A)™ < T A™w < [(maxi %) vTx} p(A)™

for every non-negative vector v, w.
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Theory

Perron-Frobenius theorem

Corollary

For any non-negative n X n matrix A, there exists a constant ¢ > 1
and a polynomial p such that

cp(A)™ < 1T A™, < p(m)p(A)™
for every m > n. Hence,

lim [174m1,]"™ = p(A).

m—o0

Here, if A is irreducible, then polynomial p be a constant
polynomial. This gives

p(6P(D)) = 1im_ [ (D)™ = 1im [0 (D)]

mM—00 m—00

3=
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Theory

Perron-Frobenius theorem

Corollary

For a non-negative matrix A,

o if p is the minimum value among non-zero entries, p(A) < u
implies p(A) = 0. In particular, p(D) # 0 implies p(D) > 1
for a binary matrix D.

@ p(A) # 0 if and only if its underlying directed graph does not
contains a cycle.
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Theory

Additional Properties

Proposition
o If 6%)(D) is irreducible, then §*+1) (D) is also irreducible.

e If D has a source or sink, then for every k, 6*)(D) cannot be
irreducible.

e If D has no source nor sink, then §()(D) is irreducible.
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Theory

Additional Properties

o If §(¥)(D) is irreducible, then §*+1)(D) is also irreducible.

e If D has a source or sink, then for every k, 6*)(D) cannot be
irreducible.

e If D has no source nor sink, then §()(D) is irreducible.

@ VU1 - Vk41 Wo * -+ - WpWk41

Taehyun Eom Forbidden sub-co-walks



Theory

Additional Properties

o If §(¥)(D) is irreducible, then §*+1)(D) is also irreducible.

e If D has a source or sink, then for every k, 6*)(D) cannot be
irreducible.

e If D has no source nor sink, then §()(D) is irreducible.

° U1+ Vg1 wo - - - W
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Theory

Additional Properties

o If §(¥)(D) is irreducible, then §*+1)(D) is also irreducible.

e If D has a source or sink, then for every k, 6*)(D) cannot be
irreducible.

e If D has no source nor sink, then §()(D) is irreducible.

5 (D)-walk
° U1+ Vg1 wo - - - W
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Theory

Additional Properties

o If §(¥)(D) is irreducible, then §*+1)(D) is also irreducible.

e If D has a source or sink, then for every k, 6*)(D) cannot be
irreducible.

e If D has no source nor sink, then §()(D) is irreducible.

5 (D)-walk
@ VU1 - Vk41 Wo * -+ - WpWk41
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Theory

Additional Properties

o If §(¥)(D) is irreducible, then §*+1)(D) is also irreducible.

e If D has a source or sink, then for every k, 6*)(D) cannot be
irreducible.

e If D has no source nor sink, then §()(D) is irreducible.

5 (D)-walk
@ VU1 - Vk41 Wo * -+ - WpWk41

arc in 6(F) (D)
° X 8 ... S
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Theory

Additional Properties

If §)(D) is irreducible, then §*+1) (D) is also irreducible.

If D has a source or sink, then for every k, §*)(D) cannot be
irreducible.

If D has no source nor sink, then 6(1)(D) is irreducible.

5 (D)-walk
@ VU1 - Vk41 Wo * -+ - WpWk41

arc in é(k) (D) t arc in §(k) (D)
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Theory

Additional Properties

o If §(¥)(D) is irreducible, then §*+1)(D) is also irreducible.

e If D has a source or sink, then for every k, 6*)(D) cannot be
irreducible.

If D has no source nor sink, then 6(1)(D) is irreducible.

5 (D)-walk
@ VU1 - Vk41 Wo * -+ - WpWk41

arc in é(k) (D) t arc in §(k) (D)

@ VgU1 Wow1
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Theory

Additional Properties

o If §(¥)(D) is irreducible, then §*+1)(D) is also irreducible.
e If D has a source or sink, then for every k, 6*)(D) cannot be
irreducible.
e If D has no source nor sink, then §()(D) is irreducible.
5 (D)-walk
@ VU1 - Vk41 Wo * -+ - WpWk41
arc in 6(F) (D) arc in 6(F) (D)
") X S:-:8 t---t X
Are(D)
@ YU — T wowi
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Theory

Additional Properties

o If §(¥)(D) is irreducible, then §*+1)(D) is also irreducible.
e If D has a source or sink, then for every k, 6*)(D) cannot be
irreducible.
e If D has no source nor sink, then §()(D) is irreducible.
5 (D)-walk

@ VU1 - Vk41 Wo * -+ - WpWk41

arc in 6(F) (D) arc in 6(F) (D)
") X S:-:8 t---t X

Are(D) Are(D)

@ YU — T Yy — wow
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Theory

Additional Properties

o If §(¥)(D) is irreducible, then §*+1)(D) is also irreducible.
e If D has a source or sink, then for every k, 6*)(D) cannot be

irreducible.
e If D has no source nor sink, then §()(D) is irreducible.
5 (D)-walk

@ VU1 - Vk41 Wo * -+ - WpWk41

arc in é(k) (D) arc in §(k) (D)
[} X S:-:8 t P t X

Are(D) Are(D)

@ VU] — T — — Y — Wow
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Theory

Additional Properties

o If §(¥)(D) is irreducible, then §*+1)(D) is also irreducible.

e If D has a source or sink, then for every k, 6*)(D) cannot be
irreducible.

e If D has no source nor sink, then §()(D) is irreducible.

5 (D)-walk

@ VU1 - Vk41 Wo * -+ - WpWk41
arc in 6(F) (D) arc in 6(F) (D)
") X S:-:8 t---t X
Are(D) Are(D)

@ YU —> T — — > Y —— Wowq

This also proves that [5(k)(D)]m is positive for £ > 1 and
m > k + 3 if D has no source nor sink.
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Theory

Additional Properties

Proposition

Fork>1,let g=|z75], r=m — (k+1)g. Then,

60 (D) > [#Arc(D)]in*=DTHr 1 > [ Ape( DY]an™ (1= F7)+1,

Note that #Arc(D) = 17 D1, = 6\”(D). |
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Theory

Additional Properties

Proposition

Fork>1,let g=|z75], r=m — (k+1)g. Then,

6 (D) > [#Are(D)]in*=DIHr+1 > [ Apo(D)]in™ (1= 71 HL,

Note that #Arc(D) = 17 D1, = 6\”(D). |

Proof. It is easy to check that every vertex sequence in
Vx VU Are(D) x VFL x Are(D) x - - - x VFL x Are(D) x V™

is valid sequence when consider Hgf)(D). O
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Theory

Additional Properties

Corollary

Suppose D # 0.
o p(6®) (D)) > n'"FH if k > 1.
o limy, 00 p(6%)(D)) = n.

@ For any function f : N — N such that lim,, ,~ f(m) = oo,
we have .
lim [0™)(D)]m = n.

m— 00

e Forany 7€ (0,1),
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Theory

Special Case

Proposition

If D and D’ are n-vertex outerdegree d-regular,

6% (D) = 61(D')

m

for every k,m > 0 and hence, p(6%) (D)) = p(6()(D")).
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Theory

Special Case

If D and D’ are n-vertex outerdegree d-regular,
05 (D) = 03 (D")

for every k,m > 0 and hence, p(6%) (D)) = p(6()(D")).

Proof 1. Assume that D and D’ have common vertex set V.
Define f, p : {(0,1),---,(0,d), (1,1),--- ,(L,n—d)} = V as
o fu.0((0,4)) is ith vertex among v's neighbors.
o fu.p((1,4)) is ith vertex among v's non-neighbors.

Similarily, define f,, p/. These functions are well-defined since D,
D’ are outerdegree d-regular.
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Theory

Special Case

Consider the following bijection from vertex sequences of D to
vertex sequences of D’

Vo U1 () cee Um,

vy =: Wy
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Theory

Special Case

Consider the following bijection from vertex sequences of D to
vertex sequences of D’

Vo V1 () ce Um

wo  fuo,r (frgp(vr)) = wn
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Theory

Special Case

Consider the following bijection from vertex sequences of D to
vertex sequences of D’

Vo V1 () s Um

wo  wr fu,(fy, p(v2)) = wy
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Theory

Special Case

Consider the following bijection from vertex sequences of D to
vertex sequences of D’

Vo V1 V2 e Um

wo w1 w9 s W,
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Theory

Special Case

Consider the following bijection from vertex sequences of D to
vertex sequences of D’

Vo V1 V2 e Um

wo w1 w9 s W,

This bijection preserves sub-co-walk structure, so we have

and hence, we have

3=
[l
e
—
2
=
9
\/\
N—

p(6®) (D)) = lim 6®)(D)m = lim 6W (D)

m—oo m—r o0
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Theory

Special Case

Proposition

If D and D’ are n-vertex outerdegree d-regular,

6% (D) = ) (D")

m

for every k,m > 0 and hence, p(6%)(D)) = p(6()(D")).
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Theory

Special Case

If D and D’ are n-vertex outerdegree d-regular,

Proof 2.
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Theory

Special Case
Thus, we have
d d d]™ n
ooy =12, "7 " T Y cemy
0 - n-d 0| |o
and
d d d
oGOD) = g™y =p| "7 0 T D
0 n—.d 0
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Theory

Reduction

In nF+1 % nF+1 matrix §)(D), there exists many redundancies.
As similar as regular case, when we add a vertex to given vertex
sequence, it is enough to consider only after the last arc appears.
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Theory

Reduction

In nF+1 % nF+1 matrix §)(D), there exists many redundancies.
As similar as regular case, when we add a vertex to given vertex
sequence, it is enough to consider only after the last arc appears.

Definitions
e [Mw] : the set of vertex sequences vy - - - v ends maximally by
w, where w is a co-walk of length at most k.
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Theory

Reduction

In nF+1 % nF+1 matrix §)(D), there exists many redundancies.
As similar as regular case, when we add a vertex to given vertex
sequence, it is enough to consider only after the last arc appears.

Definitions
e [Mw] : the set of vertex sequences vy - - - v ends maximally by
w, where w is a co-walk of length at most k.

° (:)k : the set of co-walks w of length at most &k such that

[Mw] # 0.
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Theory

Reduction

In nF+1 % nF+1 matrix §)(D), there exists many redundancies.
As similar as regular case, when we add a vertex to given vertex
sequence, it is enough to consider only after the last arc appears.

Definitions

e [Mw] : the set of vertex sequences vy - - - v ends maximally by
w, where w is a co-walk of length at most k.

° (:)k : the set of co-walks w of length at most &k such that
[Mw] # 0.

e P: nftl x (:)k matrix such that each column is the
characteristic vector of [“w].
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Theory

Reduction

In nF+1 % nF+1 matrix §)(D), there exists many redundancies.
As similar as regular case, when we add a vertex to given vertex
sequence, it is enough to consider only after the last arc appears.

e [Mw] : the set of vertex sequences vy - - - v ends maximally by
w, where w is a co-walk of length at most k.

° ék : the set of co-walks w of length at most &k such that
[Mw] # 0.

o P: nFtl x (:)k matrix such that each column is the
characteristic vector of [“w].

Note that [“w] = () if and only if w starts with a source and the
length is less than k.
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Theory

Reduction

Definitions

o 6" (D) : © x O}, binary matrix defined as follows
1) Choose a co-walk w in O such that the length is less than k,
and a vertex v.
2) If wv is a co-walk, draw an arc w — wv.
3) If wo is not a co-walk, draw an arc w — v.
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Theory

Reduction

o 6()(D) : O x O}, binary matrix defined as follows

1) Choose a co-walk w in O such that the length is less than k,
and a vertex v.

2) If wo is a co-walk, draw an arc w — wwv.

3) If wo is not a co-walk, draw an arc w — v.

o [(®(D)]P = P[5®)(D)]
1T

L PP (D)1 =0, (D) form > 1.

o p(6M(D)) = p(s¥ (D))

This is usual process using equitable partitions.
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Theory

Approximation

For v,v' € V, consider a conditional probability
Por = P(wv’ is not a co-walk|w = vg - - - vp_10)

and the n x n matrix 0*)(D) consists of ..
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Theory

Approximation

For v,v' € V, consider a conditional probability

Por = P(wv’ is not a co-walk|w = vg - - - vp_10)

and the n x n matrix 0*)(D) consists of ..
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Theory

Approximation

For v,v' € V, consider a conditional probability
Por = P(wv’ is not a co-walk|w = vg - - - vp_10)

and the n x n matrix 0*)(D) consists of ..

p(6®)(D)) = p(8™ (D))

Note that if vv’ € Are(D), then pyy =1 and if vv’ & Arc(D),

1 #length k co-walk ends with v 1 111J, — D)*e,

Pyt = Iy = nk

where ¢, is the characteristic vector for v.
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Theory

Approximation

We can generate g(k)(D) as follows.
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Theory

Approximation

We can generate g(k)(D) as follows.

1) Compute
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Theory

Approximation

We can generate g(k)(D) as follows.

1) Compute
1T

nl

2) Let Q*)(D) be the diagonal matrix of qgk)(D)'s.
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Theory

Approximation

We can generate g(k)(D) as follows.
1) Compute

nl

1T

2) Let Q*)(D) be the diagonal matrix of qgk)(D)'s.
3) Then, we get

3"(D) = D+(1,— Q™ (D)) (Ju—D) = Jy—Q"W(D)[J,—D].
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Theory

Approximation

We can generate 6(F) as follows, also.
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Theory

Approximation

We can generate 6(F) as follows, also.

1) Get 6*)(D) and order row and column by colexicographic
order.
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Theory

Approximation

We can generate 6(F) as follows, also.

1) Get 6*)(D) and order row and column by colexicographic
order.

2) Divide 6()(D) into n* x n¥ submatricies [—v, —v']s.
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Theory

Approximation

We can generate 6(F) as follows, also.

1) Get 6*)(D) and order row and column by colexicographic
order.

2) Divide 6()(D) into n* x n¥ submatricies [—v, —v']s.

3) Let ny, be the number of 1's in [—v, —2/].

Taehyun Eom Forbidden sub-co-walks



Theory

Approximation

We can generate 6(F) as follows, also.

1) Get 6*)(D) and order row and column by colexicographic
order.

2) Divide 6()(D) into n* x n¥ submatricies [—v, —v']s.

3) Let ny, be the number of 1's in [—v, —2/].

o
nk -

4) Generate a matrix consists of
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Theory

Approximation

Miscellaneous ..
o limy_,oo Q¥(D) =0if D #0.
o limy_,o p(6™) (D)) = .

@ For n x n binary matrices with exactly one 1, E[p] =

2

1
n
e For n x n binary matrices with exactly two 1's, E[p| =

@ For n x n binary matrices with exactly three 1's,

E[p]:3<1 2= )

(n+1)(n* —2)

Taehyun Eom Forbidden sub-co-walks



Questions

About construction

@ Is it possible to define 1 properly so

p(n"(D)) = p(n(n(---n(D)---))) = p(6*)(D))?

@ Is there any natural algebraic operator o such that
[5*/(D)] o D = [s*+1(D)]?

@ Is it possible to define theses concepts for multigraphs?
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Questions

About values

e For given D, is it possible to find a concrete bound py(m)
satisfying

1Z7jk+1 [5(k)(D)}m1nk+1
pG@ Dy =P

which satisfies [p () (m)]Y/™ — 1 for every, or certain

conditioned, f with f — oco. Is it possible to find such py
does not depends on k7

o Is there any relation between p(6()(D)) and

d d d
n—d 0 - 0
0 -« n—d 0

where d is the mean outerdegree.
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Questions

About values

o We have p(6®)(D)) > n'~FH1 as a natural bound. Then, if
we consider some normalization such as

k41
[p<5<k><D>] ?
1— 2 ’
n k+1

what can we say about its limit?
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Questions

About reductions

e Find conditions for the irreducibility of 6" (D).

@ Is there any remarkable facts for the ranks of 6*)(D) and
k) (D)?

@ Is there any better reduction for certain types of D, which has
weaker condition than regularity?
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Questions

About approximation

o Is 5) (D) really good approximation for §*)(D) to compute
p?
@ For n x n binary matrices with exactly k 1's, is the following
satisfied?
nE[p] = k asn — o0

How about matrices with some restrictions like [—v, —v'] has?
For example, each row has at most one 1, or only certain
columns are possible to contain 1.

@ For equidivided block matrix B, is it possible to make good
approxymation to compute p by informations from its blocks,
such as the sum of entries divided by dimension?

o Compute E[p(6*¥)(D))] for random binary matrix D. Is it
possible to find the distribution of p(6(*¥)(e))? Is there exists
some meaningful limiting distribution? How about for the
case of §(F)?

Taehyun Eom Forbidden sub-co-walks



Questions

About generalization

@ How theses theory changes for the following possible
generalizations?
e restriction on reverse direction
e restriction on both sub-walk and sub-co-walk
o closed vertex sequences
e colored arcs and restriction on the length of monotone
sub-walks

@ Is it possible to find some general formula for ok (D) based
on binomial coefficients or inclusion-exclusion principle?
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